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Abstract
We use purely topological tools to construct several infinite families of hyperbolic links in the 3-sphere
that satisfy the Turaev-Viro invariant volume conjecture posed by Chen and Yang. To show that our links
satisfy the volume conjecture, we prove that each has complement homeomorphic to the complement of a
fundamental shadow link. These are links in connected sums of copies of S2×S1 for which the conjecture
is known due to Belletti, Detcherry, Kalfagianni, and Yang. Our methods also verify the conjecture for
several hyperbolic links with crossing number less than twelve. In addition, we show that every link in
the 3-sphere is a sublink of a link that satisfies the conjecture.
As an application of our results, we extend the class of known examples that satisfy the AMU
conjecture on quantum representations of surface mapping class groups. For example, we give explicit
elements in the mapping class group of a genus g surface with four boundary components for any g. For
this, we use techniques developed by Detcherry and Kalfagianni which relate the Turaev-Viro invariant
volume conjecture to the AMU conjecture.
1 Introduction
The Turaev-Viro invariants TVq(M) of a compact 3-manifold M [31] are real numbers that depend on
an integer r ≥ 3, and a 2r-th root of unity q. In this paper, we will be concerned with specifically the
SO(3)-version of the Turaev-Viro invariant with r ≥ 3, odd, and q = exp ( 2piir ).
In [7], Chen and Yang provided computational evidence and proposed the following conjecture relating
the volume of a manifold M , denoted as V ol(M), to the Turaev-Viro invariants.
Conjecture 1.1 ([7]). Let M be a hyperbolic 3-manifold, either closed, with cusps, or compact with totally
geodesic boundary, and q = exp
(
2pii
r
)
. Then
lim
r→∞
2pi
r
log |TVq(M)| = V ol(M),
as r ranges along the odd natural numbers.
The conjecture is a 3-manifold analogue of the original volume conjecture stated by Kashaev [17] which
was reformulated in terms of the colored Jones polynomial by H. Murakami and J. Murakami [22], and
asserts that the asymptotics of the N -colored Jones polynomial at a particular root of unity approaches the
volume of a hyperbolic knot complement.
Conjecture 1.1 was proved for the complement of the Borromean rings and the complement of the figure-
eight knot by Detcherry, Kalfagianni, and Yang in [13]. It was verified by Ohtsuki that the closed hyperbolic
3-manifolds arising from integral Dehn surgeries on the figure-eight knot satisfy the conjecture in [23].
More recently, Wong and Yang extended Ohtsuki’s result to closed hyperbolic 3-manifolds obtained from
rational surgeries along the figure-eight knot in [34]. Belletti, Detcherry, Kalfagianni, and Yang verified the
conjecture for the complements of fundamental shadow links in [5]. This is an infinite class of hyperbolic
links in connected sums of copies of S2 × S1 which was first considered by Constantino and Thurston [8].
The class is “universal” in the sense that every orientable 3-manifold with empty or toroidal boundary is
obtained by Dehn filling from the complement of a fundamental shadow link. Recently, Belletti [4] proved
Conjecture 1.1 for additional families of hyperbolic links in connected sums of copies of S2 × S1. In [32],
Roland van der Veen introduced a family of links in S3 known as the Whitehead chains, and he showed a
version of the colored Jones polynomial volume conjecture is true for certain subfamilies. K. H. Wong [33]
proved Conjecture 1.1 for the same families of Whitehead chains and for twisted Whitehead links.
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Figure 1: On the left are the complexity k fundamental shadow links embedded in connected sums of S2×S1,
and on the right are their associated links in S3. For the link family {Lk} with (5k+6) crossings, the number
of components is (k + 2) for k odd and (k + 3) for k even. For the link family {Jk} and {Kk} with (5k + 5)
and (5k + 4) crossings, the number of components is (k + 2) and (k + 3), respectively.
1.1 Constructions of links
In this paper, we use purely topological methods to construct new infinite families of links in S3 that satisfy
Conjecture 1.1, and we show that several low crossing links categorized by Livingston and Moore in LinkInfo
[19] also satisfy the conjecture. To state our first result, let v8 = 3.66386 . . . denote the volume of a regular
ideal hyperbolic octahedron.
Theorem 3.1. Given an integer k ≥ 1, let Lk, Jk, and Kk be the links in S3 shown in Figure 1. The
complement of each Lk, Jk, and Kk is hyperbolic with volume 2kv8 and satisfies Conjecture 1.1.
The link families in Theorem 3.1 are a generalization of the Borromean link and the Borromean twisted
sisters in the sense that when k = 1, their complements are homeomorphic with the links L1, J1, and K1.
See Corollary 3.5 and Figure 7 for more details.
To state our next result, we will use Bn to denote the braid group of n strings with standard generators
σ1, . . . , σn−1. Recall that for a braid b ∈ Bn, the braided link b is the link in S3 consisting of the closure of
b together with its braid axis. See Figure 8. For k = 1, 2, . . ., we define the braid bk as follows:
• For k = 1, define bk := σ−21 σ
2
2 ∈ B3.
• For k = 2m, define bk ∈ Bk+3 by
bk :=
m∏
i=1
(σ2i+1σ2i · · ·σ3σ2σ21σ−12 σ3 · · ·σ2iσ2i+1)(σ2i+2σ2i+1 · · ·σ3σ22σ3 · · ·σ2i+1σ2i+2).
• For k = 2m− 1, define bk ∈ Bk+3 by
bk := b
m∏
i=2
(σ2iσ2i−1 · · ·σ3σ22σ3 · · ·σ2i−1σ2i)(σ2i+1σ2i · · ·σ3σ2σ21σ−12 σ3 · · ·σ2iσ2i+1),
where b = (σ1)(σ3σ2σ
2
1σ
−1
2 σ3).
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Theorem 3.8. For k ≥ 1, let Mk := S3 \ bk denote the complement of the braided link bk. Then
1. Mk fibers over S
1 with fiber surface a disk with punctures,
2. Mk is hyperbolic with volume 2kv8, and
3. Mk satisfies Conjecture 1.1.
As mentioned earlier before the results of this paper, Conjecture 1.1 was known for a family of links W
in S3 which are a subset of the Whitehead chains containing one belt component [33]. Like the links of
Theorems 3.1 and 3.8, the links in W are octahedral with volumes multiples of v8. However, as the next
results shows, our links are in general distinct from these of W.
Proposition 3.10. For an integer k ≥ 4, no link of Theorems 3.1 and 3.8 have complements homeomorphic
to the complement of an element of W.
We will see each of the complements of the link families appearing in Theorems 3.1 and 3.8 can be
obtained, up to homeomorphism, as the complement of a link in connected sums of S2×S1 represented by a
surgery presentation of a link in S3 such as in the left diagrams of Figure 1 for Theorem 3.1. Although one
may be able to show the results by using Kirby calculus, a more natural method of proof is to use techniques
from Turaev’s shadow theory to 3-manifolds [30] to construct links with complements homeomorphic to
complements of fundamental shadow links. This is due to the relationship between fundamental shadow
links and a particular type of 2-dimensional polyhedron equipped with a collapsing map which will allow us
to generalize our argument to showing all links are sublinks of a fundamental shadow link in S3 which we
will discuss in Section 1.2.
The general method of proof for Theorems 3.1 and 3.8 is to find certain fundamental shadow links
embedded into connected sums of S2 × S1 with complements homeomorphic to the complements of links
in S3. Since these complements are homeomorphic, their Turaev-Viro invariants will be equal. It was also
shown in [8] that complements of fundamental shadow links have explicit decompositions into ideal hyperbolic
octahedra and are therefore hyperbolic. Since the complements are hyperbolic, the hyperbolic volume will
be a topological invariant by Mostow-Prasad rigidity and will also be equal. This implies these links in S3
will also satisfy Conjecture 1.1. This gives a purely topological proof of links in S3 satisfying the conjecture
where other methods have relied on more analytical approaches. As stated before, we show that the families
of links we construct are distinct from the links in S3 for which Conjecture 1.1 was previously verified.
To give more detail, we can build a specific type of 2-dimensional polyhedron introduced by Turaev [30]
known as a shadow with additional topological data known as the gleam. From the shadow and gleam, we
can construct a connected and orientable 3-manifold. In [8], they introduce a particular family of shadows
whose corresponding 3-manifolds are the complements of fundamental shadow links. Starting with specific
shadows of fundamental shadow link complements, we will construct a new shadow with a link complement
in S3 as its corresponding 3-manifold.
In [8], they show there is a strong relationship between a shadow and a 2-dimensional polyhedron known
as the Stein surface. In particular when the manifold is a link in S3, we will see that Stein surfaces and
shadows are equivalent where the Stein surface is equipped with a map h from the manifold to the Stein
surface. Through the map h, we can drill out tori from our link complement in S3 to obtain a 3-manifold
homeomorphic to the complement of the fundamental shadow link. Since the manifolds are homeomorphic,
they will both satisfy Conjecture 1.1.
Our methods also allow us to verify Conjecture 1.1 for several octahedral links up to 11-crossings. There
are only finitely many fundamental shadow links for a fixed volume 2kv8, therefore we can check possible
homeomorphisms between link complements computationally. Using SnapPy [9], we can verify that all but
one of the links of volume 2v8 up to 11-crossings given in LinkInfo [19] have complements homeomorphic
to the complement of the simplest fundamental shadow links. See Table 1 and Figure 6 for details. With
the notation of LinkInfo, SnapPy determines that the link L10n59 is not homeomorphic to a fundamental
shadow link. This could be the result of a numerical error and is not rigorous, therefore the link L10n59 may
still be a fundamental shadow link. We believe this is not the case, and that the link complement is not
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homeomorphic to the complement of a fundamental shadow link; however, to show this is true would require
a technique differing from ours.
Theorem 1.2. Using the notation of LinkInfo, each of the following links is hyperbolic with volume 2v8 and
satisfies Conjecture 1.1.
L6a4 L8n5 L8n7 L9n25 L9n26 L10n32
L10n36 L10n70 L10n84 L10n87 L10n97 L10n105
L10n108 L11n287 L11n376 L11n378 L11n385
1.2 All links are sublinks of fundamental shadow links
From using methods similar to those in Section 1.1, we are able to show that all links are contained in
fundamental shadow links in S3; thus, all links can be augmented to one that satisfies Conjecture 1.1. The
process for augmenting a link is shown in Section 4. Our result is stated in terms of closed braids; however,
by a classical theorem of Alexander [1], every link can be obtained as the closure of a braid. We begin by
defining the length of a braid b to be the number of standard generators appearing in the word, and we
denote the braid closure by bˆ. The result requires each generator from the braid group to appear; however,
since the algorithm will work for unreduced words in Bn, it works for every link. For example, the unlink of
two components can be viewed as the braid closure of σ1σ
−1
1 ∈ B2.
Theorem 4.1. Let b ∈ Bn be an unreduced word of length k with each generator appearing at least once.
Then bˆ is a sublink of a link L in S3 where the complement S3\L satisfies Conjecture 1.1 and has volume
2kv8.
Theorem 4.1 should be compared to a result of Baker [3] that states all links are contained in arithmetic
links.
1.3 Applications to quantum representations
Our results on Conjecture 1.1 also have applications to a conjecture of Andersen, Masbaum, and Ueno (AMU
Conjecture) about quantum representations of surface mapping class groups. For a compact and oriented
surface Σg,n with genus g and n boundary components, let Mod(Σg,n) be its mapping class group fixing the
boundaries, and let |∂Σg,n| denote the set of boundary components of Σg,n. Now define Ur to be the set of
nonnegative and even integers less than r − 2. Given an odd integer r ≥ 3, a primitive 2r-th root of unity,
and a coloring c : |∂Σg,n| → Ur, the SO(3)-Witten-Reshetikhin-Turaev TQFT [6, 24, 30] gives a projective
representation
ρr,c : Mod(Σg,n)→ PGLdr,c(C)
called the SO(3)-quantum representation where dr,c are certain finite dimensional C-vector spaces. The AMU
conjecture relates the Nielsen-Thurston classification of elements of the mapping class group for a compact
surface Σg,n to its quantum representations.
Conjecture 1.3 ([2], AMU conjecture). An element of the mapping class f ∈Mod(Σg,n) has pseudo-Anosov
parts if and only if, for any big enough level r, there is a choice of coloring c of the elements of ∂Σg,n such
that ρr,c(f) has infinite order.
In [2], the authors also verified Conjecture 1.3 for Σ0,4 and later Santharoubane for Σ1,1 in [27]. Egs-
gaard and Jorgensen in [14] and Santharoubane in [26], by using different approaches, produced elements
of Mod(Σ0,2n) satisfying Conjecture 1.3. For higher genus surfaces, there have been results using different
methods. In [20], Marche´ and Santharoubane construct finitely many conjugacy classes of pseudo-Anosov
elements for Mod(Σg,1), and Detcherry and Kalfagianni construct cosets of Mod(Σg,1) for sufficiently large
g that satisfy Conjecture 1.3 in [10]. Now we remark that two elements f, g ∈Mod(Σg,n) are independent if
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Figure 2: Local models of the simple polyhedron.
there is no h ∈Mod(Σg,n) such that both f and g are not conjugate to non-trivial powers of h. As explained
in [10], the motivation behind the definition of independent is if f and g are not independent, then f satisfies
the AMU conjecture if and only if g does. It has been shown by Detcherry and Kalfagianni in [12] that there
are infinitely many pairwise independent pseudo-Anosov elements in Mod(Σg,2) for g ≥ 3 and for Mod(Σg,n)
where g ≥ n ≥ 3.
Using the approach of [12] and by identifying 3-manifolds with explicit fibrations among the link com-
plements in Theorems 3.1 and 1.2, we obtain the following. For more details, see Section 5.
Theorem 5.1 . Given g ≥ 0, there is a pseudo-Anosov element of Mod(Σg,4) that satisfies Conjecture 1.3.
Furthermore for g ≥ 3, there are infinitely many pairwise independent pseudo-Anosov elements in Mod(Σg,4)
that satisfy Conjecture 1.3.
As a byproduct of the proof of Theorem 5.1, we also extend the known results of Conjecture 1.3 to
produce examples in Mod(Σn−1,n) and Mod(Σn−2,n) for n ≥ 5, and for the few concrete cases of Mod(Σ1,3)
and Mod(Σ3,3).
Finally as an application of Theorem 3.8, we also produce explicit elements in Mod(Σ0,n), for all n > 3,
that satisfy Conjecture 1.3. See Corollary 5.7 for details.
The paper is organized as follows: We define the previously mentioned shadows, fundamental shadow
links, and the Stein surfaces in Section 2. We also describe the relationship between the shadows and the
Stein surfaces for links in S3. In Section 3, we prove the results of Theorems 3.1 and 3.8 by constructing link
complements from particular shadows, and we describe the implementation of SnapPy to prove Theorem
1.2. In Section 4, we introduce and prove an algorithm for augmenting a link in S3 into a fundamental
shadow link. In Section 5, we extend the results of Conjecture 1.3 to the previously mentioned elements of
the mapping class groups by using the links from Section 3 along with a result by Detcherry and Kalfagianni
which shows Conjecture 1.1 implies Conjecture 1.3 [12].
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and for her guidance. Furthermore, the author would like to thank Renaud Detcherry for his comments and
suggestions on an earlier version of this paper. This material is based on research partially supported by
NSF grants DMS-1404754, DMS-1708249, DMS-2004155 and by a Dr. Paul and Wilma Dressel Endowed
Scholarship from the Department of Mathematics at Michigan State University.
2 Preliminaries
2.1 Shadows of 3-manifolds
We will start with a summary of shadows of 3-manifolds. As noted previously, shadows allow for an approach
for studying 3-manifolds in terms of 2-dimensional polyhedra. A more detailed discussion by Turaev can be
found in [30].
We will begin with shadows of oriented, closed, and connected 3-manifolds.
Definition 2.1. A simple polyhedron P is a compact topological space which locally is homeomorphic to
one of the models in Figure 2. The set of points with local model of the right two types form a 4-valent
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graph called the singular set denoted by Sing(P ). In particular, the set of points locally homeomorphic
to the third model are known as vertices, and the set of points locally homeomorphic to the second model
are known as edges. The set of connected components P\Sing(P ) are called regions of P , and the number
of vertices of P is called the complexity of P . The set of points with local models corresponding to the
boundaries of Figure 2 are known as the boundary of P , denoted ∂P . If P has no boundary components,
then we say P is closed.
Definition 2.2. Let W be a piecewise linear, compact, and oriented 4-manifold, and let P be a closed simple
polyhedron. We say that P ⊂ W is a shadow of W if W collapses onto P and if P is locally flat; otherwise
stated, for each point p ∈ P , there exists a neighborhood Nbd(p;P ) that is contained in a 3-dimensional
submanifold of W .
Definition 2.3. We say that a closed simple polyhedron P is a shadow of an oriented 3-manifold M if P is
a shadow of a 4-manifold W with ∂W = M.
Theorem 2.4 ([30], Theorem IX.2.1.1). Every closed, oriented, and connected 3-manifold has a shadow.
From Theorem 2.4, every closed, oriented, and connected 3-manifold has a shadow; however, a simple
polyhedron P can be a shadow for different non-homeomorphic manifolds. In order to distinguish the two
manifolds, we need the additional topological information known as gleams. We will not go into detail on
gleams; however, again one can refer to [30] for a more in-depth discussion. In particular, we will only
define the Z2-gleam of a region in its simplest case when the closure of the region is embedded in the simple
polyhedron, although it can also be defined otherwise.
Definition 2.5. Let D be an embedded region in P such that the closure D is also embedded with ∂D ⊂
Sing(P ). Now let N(D) be a regular neighborhood of ∂D in P\Int(D). If N(D) collapses over a Mo¨bius
strip, then the Z2-gleam of the region D is 1, otherwise it is 0.
Definition 2.6. A gleam is a coloring of all regions by 12Z where the coloring of a region is an integer if and
only if the Z2-gleam is 0. A simple polyhedron equipped with a gleam is called a shadowed polyhedron.
The general idea is that thickening our polyhedron to a 4-manifold will require additional information
on how to glue together components. The data from the gleams serve this purpose.
Now in order to consider shadows for links embedded into a 3-manifold M , where M has possible toroidal
boundary components, we need to extend our definition by including a coloring of the boundary for non-closed
simple polyhedron.
Definition 2.7. A boundary-decorated simple polyhedron P is a simple polyhedron where each boundary
component of P is labeled as either internal, external, or false. Let us label these subsets as ∂int(P ),
∂ext(P ), and ∂f (P ), respectively.
The boundary-decorated simple polyhedron can be shadows for a pair (M,L) where M is an oriented
3-manifold with link L embedded in M .
Definition 2.8. A boundary-decorated simple polyhedron P is a shadow for the pair (M,L) if W collapses
onto P , P is locally flat, and (M,L) = (∂W\IntNbd(∂ext(P ), ∂W ), ∂int(P )).
The intuition being that the internal boundaries are the link, the external boundaries correspond to
drilling out tori, and the false boundaries are ignored. Similarly to before, we can define a gleam for a
boundary-decorated simple polyhedron.
Definition 2.9. A coloring of the regions by half-integers of a boundary-decorated simple polyhedron that
does not touch ∂f (P ) ∪ ∂ext(P ) is called a gleam. A boundary-decorated simple polyhedron equipped with
a gleam is called a boundary-decorated shadowed polyhedron.
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In [30], Turaev showed that if a simple polyhedron embedded in a compact oriented smooth 4-manifold
W is a shadow of ∂W , then there exists an induced gleam of the polyhedron. Conversely, he showed given a
boundary-decorated shadowed polyhedron, there exists a construction of a compact and oriented 4-manifold
W with an embedding P into W where the gleam of P coincides with the induced gleam given by the
embedding in W . This implies that one way we can study 3-manifolds is through the use of boundary-
decorated shadowed polyhedron. We will show a general sketch of Turaev’s proof to illustrate how to pass
from a boundary-decorated shadowed polyhedron to a 3-manifold which can be found in [30].
Theorem 2.10 ([30], Section IX.6.1). From a boundary-decorated shadowed polyhedron P , we can construct
a pair (WP , P ) where WP is a smooth, compact, and oriented 4-manifold with P embedded such that P is a
boundary-decorated shadowed polyhedron of the 3-manifold ∂WP . In addition, the regions are colored such
that the induced gleam coincides with the gleams of the boundary-decorated shadowed polyhedron.
Proof. We will begin with the case when P is a closed simple polyhedron with non-empty connected singular
set Sing(P ). Notice a neighborhood S(P ) = Nbd(Sing(P );P ) can be obtained as a series of compositions
of the two rightmost local models in Figure 2. We can thicken these components to obtain a 3-manifold
N with S(P ) properly embedded in N such that the gluing of the components is induced from the original
simple polyhedron P . Now consider the thickening to a 4-manifold W0 that is the [−1, 1] bundle over N .
Note that this W0 is orientable.
Now we consider the remaining components of the shadow P which are regions such as the leftmost local
model in Figure 2. Let R be such a component, and let WR be the thickening to a 4-manifold in the same
way as previously. We now need to consider how the boundaries of WR and W0 glue to each other. Notice
the simple closed curves coming from the intersection of R ∩ ∂(S(P )). This will be the core of an annulus
or a Mo¨bius band in both the 3-dimensional thickening of R and S(P ). The initial gleam of the shadowed
polyhedron P is used as the framing of the core to identify the components of the annuli and Mo¨bius bands.
Now we consider the case when P has boundary. For our purposes, the boundaries are copies of S1. Let
{li} be the collection of components of the boundary where l is their union. If we thicken l to the framed
link l × [−1, 1] such that l × {0} = ∂(P ), then we obtain a new simple polyhedron P where Sing(P ) =
Sing(P )∪∂(P ). Now by following the same construction as before with P , we obtain a 4-manifold WP such
that l × [−1, 1] ⊂ ∂(WP ).
2.2 Fundamental shadow links
The fundamental shadow links are a family of links in connected sums of S2 × S1 with well understood
hyperbolic volumes. These manifolds are introduced and discussed in-depth by Constantino and Thurston
in [8]. We will be using Theorem 2.10 on a particular family of boundary-decorated shadowed polyhedron
to obtain these manifolds. As noted in the introduction, these links are “universal” in the sense that every
orientable 3-manifold with empty or toroidal boundary can be obtained as the complement of a Dehn filling
of a fundamental shadow link along some subset of the components of the link. Again, Conjecture 1.1 for
this family of links was proven in [5]. This was done by utilizing the explicit hyperbolic volume of this family,
as well as the relatively simple form of the Turaev-Viro invariant.
We will begin by starting with a closed simple polyhedron P with at least one vertex such that Sing(P ) is
connected. Now let S(P ) be a regular neighborhood of Sing(P ) in P such that S(P ) is a composition of the
two rightmost local models of Figure 2, and define P ′ to be the boundary-decorated shadowed polyhedron
with 2-dimensional simple polyhedron S(P ) and each boundary component colored as external. P ′ is a
boundary-decorated shadowed polyhedron of a 3-manifold MP with boundary where pi : MP → P ′ is the
collapsing map. We can understand this manifold by looking at the preimage of P ′ under the collapsing
map. The preimage of the second local model will be a product of a pair of pants with [−1, 1], and the
preimage of the third local model is a genus 3 handlebody. These pieces meet along pairs of pants, and the
resultant manifold MP has boundary a union of tori. From [8], we have the following.
Proposition 2.11 ([8], Proposition 3.33). The manifold MP can be equipped with a complete hyperbolic
metric with volume 2kv8 where k is the number of vertices of P and v8 is the volume of a regular ideal
hyperbolic octahedron.
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Figure 3: Replacing vertices of the graph.
Moreover, it can be shown that the manifold MP can be realized as the complement of a link embedded
in a closed, connected, and oriented 3-manifold. This is constructed from the same simple polyhedron S(P )
with different boundary colorings.
Definition 2.12. Let P ′′ be the complexity k boundary-decorated shadowed polyhedron with 2-dimensional
simple polyhedron S(P ) and with boundary components colored as internal. The 4-manifold WP obtained
from Theorem 2.10 of the boundary-decorated shadowed polyhedron P ′′ collapses onto the pair
(M ′P , LP ) = (∂WP , ∂int(P
′′)) = (#k+1(S2 × S1), LP ).
The pair of this link and 3-manifold is known as the fundamental shadow links. Furthermore, the 3-manifold
MP and the link complement of LP in the manifold M
′
P are homeomorphic.
Although these fundamental shadow links are embedded in connected sums of S2 × S1, they have a
description in terms of 0-surgeries on a set of (k + 1) unknotted link components of a link in S3 as noted in
Proposition 3.35 [8]. This can be done through the following procedure:
• Immerse the simple polyhedron S(P ) into S3.
• Consider a maximal tree of the singular set Sing(P ).
• Encircle with 0-framed unknotted components all triples of strands from ∂(S(P )) running over edges
not belonging to the tree T .
• The union of the 0-framed unknotted components and the strands from ∂(S(P )) form a surgery pre-
sentation in S3 of a fundamental shadow link.
Since the singular set Sing(P ) is a 4-valent graph, we can also construct fundamental shadow links as
follows where the complexity of a graph is the number of vertices:
• We consider G to be a planar 4-valent graph of complexity k embedded in S3.
• As before, we let T be a maximal tree of the graph G.
• Replace each edge by any 3-braid, replace each vertex by the 6 strands in Figure 3 or its mirror, and
encircle each braid corresponding to an edge G\T by a 0-framed unknotted link.
• The union of the strands from the 3-braid and the 0-framed unknotted link again give us a surgery
presentation in S3.
For a given planar 4-valent graph G, there is not a unique associated fundamental shadow link. Depending
on which 3-braids you replace each edge with, we may end with differing non-homeomorphic fundamental
shadow link complements.
Remark 2.13. In constructing a fundamental shadow link from a planar 4-valent graph, if we exclude the
0-framed unknotted components, then there exists a simple polyhedron immersed in S3 with boundary the
components of our link. This can be viewed as the immersed simple polyhedron S(P ) obtained from the
first construction of the shadow of a fundamental shadow link.
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2.3 Stein factorization of stable maps of links
In [8], Constantino and Thurston show given a 3-manifold M and a map f : M → R2, one can recover
a boundary-decorated shadowed polyhedron for M through the Stein factorization of the map f . We will
introduce this factorization and later see how it relates to links embedded in S3.
As a brief summary, the Stein factorization of a stable map f = g ◦ h decomposes f into a map h of
connected fibers and a map g which is finite-to-one. Roughly speaking, f can be decomposed into maps
g : Wf → R2 and h : M → Wf where Wf is a 2-dimensional polyhedron. In our case, Wf will be a simple
polyhedron where the boundary, edges, and vertices of the simple polyhedron correspond to the singularities
of the map f . At a generic point of Wf , the preimage under the map h is a circle bundle inside a 3-manifold
which is analogous to the 3-thickening of a shadow. Along these circle bundles at the generic points, we
can glue disks which is similar to the 4-thickening process. This results in a 4-manifold which collapses
onto the simple polyhedron along the disk with boundary the 3-manifold M . This is close to a boundary-
decorated shadowed polyhedron of a manifold, the difference being that the topological data of the gleam is
not explicitly stated on the simple polyhedron. We will now define the Stein surface with more information
on these definitions being discussed by Levine in [18] and Saeki in [25].
Definition 2.14. Let M be a closed 3-manifold and f a smooth map from M to an orientable 2-manifold
Σ. Suppose f also satisfies the following conditions. For each p ∈M and f(p), there exist local coordinates
centered at p such that f can be described in one of the following ways:
i). (u, x, y) 7→ (u, x).
ii). (u, x, y) 7→ (u, x2 + y2).
iii). (u, x, y) 7→ (u, x2 − y2).
iv). (u, x, y) 7→ (u, y2 + ux− x3).
We say p is a regular point, a definite fold point, an indefinite fold point, or a cusp point for the cases
(i), (ii), (iii), (iv), respectively. In addition, if S(f) are the singular points of f , then suppose f also satisfies
these global conditions:
v). f−1 ◦ f(p) ∩ S(f) = {p} for a cusp point.
vi). The restriction of f to the singular points which are not cusp points is an immersion with normal
crossings.
We say that such a map f is a stable map.
Definition 2.15. Given a compact and orientable 3-manifold M with (possibly empty) boundary of tori.
A smooth map f of M into an orientable 2-manifold Σ is called an S-map if the restriction to the interior
of M is a stable map, and each p ∈ ∂M can be described locally by the map (u, x, y) 7→ (u, x) where x = 0
corresponds to points on the boundary.
Definition 2.16. For a given S-map, consider the space Wf which is the quotient of the space M along the
fibers of f with map h : M → Wf . Define the map g : Wf → Σ such that f = g ◦ h. This factorization of
the map f is known as the Stein factorization with corresponding Stein surface Wf .
We can further extend this definition to include links in a manifold M .
Definition 2.17. Let M be a compact orientable 3-manifold M with (possibly empty) boundary of tori and
a (possibly empty) link L. Let f be an S-map of the manifold M into an orientable 2-manifold Σ. We say
that f is an S-map of the pair (M,L) if the link L is contained in the set of definite points of f . When M
is a closed 3-manifold, the map f is called a stable map of the pair (M,L).
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2.4 Stein surfaces and shadows of 3-manifolds
As stated before, the Stein surfaces of a manifold M given by a Stein factorization is closely related to the
shadow of (M,L). Let us construct a boundary-decorated shadowed polyhedron for the specific case (S3, L)
where a similar example can be found in Section 3.2 of [8]. We will see the boundary-decorated shadowed
polyhedron is equivalent to the Stein surface for the pair (S3, L).
Let D be a flat oriented disk in the 4-ball B4, and let D′ be the closure of D minus a neighborhood of
its boundary in D. Now let pi : S3 → D be the projection induced from collapsing B4 onto the disk D. We
can assume the preimage of D′ under the map pi is a solid torus T , and we can define T ′ = S3\Int(T ). Now
given an n-component link L, we can isotope L such that it is contained in D′ × [−, ] for sufficiently small
number  with pi|T generic with respect to the link L.
Now the projection pi(L) onto the closed disk D′ with crossing information gives a diagram DL of the
link. Consider the mapping cylinder obtained from the quotient
P ′L = (L× [0, 1] unionsqD′)/((x, 0) ∼ pi(x))
where we decorate the components of L×{1} with the internal coloring. Now define PL to be the boundary-
decorated shadowed polyhedron obtained from collapsing the region touching the remaining uncolored bound-
ary component onto the components of pi(L). There is a choice of gleam of the regions not touching ∂int(PL)
determined by the simple polyhedron of PL such that it is a boundary-decorated shadowed polyhedron for
the pair (S3, L). In this paper, the gleam of such a region R is VR2 where VR is the number of vertices
touching R. For more details, see Section 3.2 in [8].
From [8], given the simple polyhedron of PL, we can construct a stable map f of the pair (S
3, L) to R2
such that the Stein surface Wf can be identified to the boundary-decorated shadowed polyhedron PL in a
natural way with map h : S3 → Wf . We will describe the preimages of points on the Stein surface into S3
with details being discussed in the proof of Theorem 3.5 in [16] by Ishikawa and Koda. Their argument is for
links inside compact and orientable 3-manifolds with (possibly empty) boundary consisting of tori; however
in Section 4 of [16], they consider the specific case for a link in S3. For our purposes, the most important
points are those coming from PL\(L× [0, 1]).
Proposition 2.18 ([16], Theorem 3.5). Let L be a link in S3. There exists a stable map f : (S3, L) → R2
with Stein surface Wf and Stein factorization f = g ◦ h such that the preimage of a point in Wf can be
viewed as one of the five following:
i). If x1 is a point on PL\(L× [0, 1]), then h−1(x1) is the regular fiber {x1} × S1 ⊂ T .
ii). If x2 is a point on L×(0, 1), then h−1(x2) is a meridian of the corresponding link component of L×{1}.
iii). If x3 is a point on L× {1}, then h−1(x3) is a point on the corresponding link in S3.
iv). Let x4 be a point from the singular set S(P ) which are not vertices. Locally around x4, there are
regions separated by the singular set. There exists a triple of points, one from each region, such that
their preimages are circles which are the boundary to a pair of pants with h−1(x4) as its spine.
v). Let x5 be a point from the set of vertices of the singular set S(P ). As in case iv), there exist preimages
of points from the regions around the vertex which pullback to circles such that they bound a surface
with spine h−1(x5).
3 Families of links in S3 satisfying Conjecture 1.1
We will construct examples of links in S3 with complements homeomorphic to the complements of funda-
mental shadow links. Since Conjecture 1.1 has been proven for the latter, this gives a topological proof of
Conjecture 1.1 for the links in S3.
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1Figure 4: Examples of planar 4-valent graphs of complexity k.
Shadow P
p1 p2
Shadow P ′ S3\L
∞ ∞
S3\(L unionsq L0)
1
Figure 5: On the leftmost diagram, we have the shadow P with Sing(P ) the dashed lines, ∂int(P ) colored
blue, and ∂ext(P ) colored black. We cap ∂int(P ) with disks to obtain regions Rj shaded blue, and we mark
their centers with p1 and p2 to recover a new shadow P
′. In this case, the gleams of the new regions are both
1
2 . P
′ is the shadow of a link complement in S3 such that the preimages of the points p1 and p2 are the cores
of the ∞-framed link in S3. Drilling out the ∞-framed link gives a link complement in S3 homeomorphic to
the complement of the original fundamental shadow link.
Theorem 3.1. Given an integer k ≥ 1, let Lk, Jk, and Kk be the links in S3 shown in Figure 1. The
complement of each Lk, Jk, and Kk is hyperbolic with volume 2kv8 and satisfies Conjecture 1.1.
In order to prove Theorem 3.1, we will be using the following.
Lemma 3.2 ([8], Lemma 3.25). Let P be a boundary-decorated shadowed polyhedron of (M,L) where L is
a framed link and M is an oriented 3-manifold. Then the manifold M ′ obtained from Dehn filling L has a
shadow P ′ given by capping components of ∂P by disks.
Proof. Let P be a boundary-decorated shadowed polyhedron of a 4-dimensional manifoldW with ∂int(P ) = L
a link. Performing Dehn filling along L in the manifold ∂W corresponds to gluing 2-handles B2 ×B2 to the
manifold W . Without loss of generality, we can assume the copies of B2 ×B2 collapse onto disks B2 × {pt}
such that the boundary of each disk S1×{pt} is a component of ∂int(P ). This gives a new simple polyhedron
P ′ which is the shadow of a manifold M ′ where the gleam is determined by the framing of the link.
From Lemma 3.2, we can construct families of links in S3 which satisfy Conjecture 1.1. We will proceed
with the proof of Theorem 3.1.
Proof of Theorem 3.1. The families of links given in Figure 1 can be obtained as follows. For reference, we
demonstrate the case for K1 in Figure 5.
• From the construction of shadows from graphs in Section 2.2, let S(P ) be the simple polyhedron of the
fundamental shadow link of complexity k arising from the planar 4-valent graph on the left of Figure
4 which corresponds to a link in connected sums of S2 × S1 on the left side of Figure 1. Let P be
the boundary-decorated shadowed polyhedron obtained from S(P ) such that the innermost (k + 1)-
boundary components of P are colored as internal boundary components with the remaining boundaries
11
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FSL 1
0
0
FSL 2
0 0
FSL 3
0 0
FSL 4
0 0
FSL 5
0 0
FSL 6
1
Figure 6: The six fundamental shadow links with complements homeomorphic to the links up to 11-crossings.
Note that FSL 3, FSL 5 and FSL 6 correspond to the links L1, J1, and K1 in Figure 1, respectively.
colored as external boundary components. In the leftmost diagram of Figure 5, this corresponds to the
simple polyhedron with singular set the dashed lines and with boundary the blue and black curves.
Here the internal boundary components are colored blue, and the external boundary components are
colored black.
• Consider the new shadow P ′ obtained from capping the internal colored boundary components by
disks. Label these new regions as Rj . From Lemma 3.2, this corresponds to performing a Dehn filling
along the internal boundary components where the gleam of the resultant region is determined by the
framing. We can choose a framing such that the gleams of Rj are
VRj
2 where VRj is the number of
vertices touching Rj . In the second diagram of Figure 5, this can be seen by capping the internal
colored boundary components with the blue shaded disks with gleams 12 . As in Section 2.4, P
′ will be
the shadowed polyhedron for the link complement S3\Nbd(L) where the link complement comes from
coloring the boundary external as opposed to internal. From Proposition 2.18, we can choose a map
f with a Stein surface Wf and Stein factorization f = g ◦ h such that Wf can be identified with P ′
where the preimages of points are as described in Proposition 2.18.
• Performing the Dehn filling corresponds to gluing copies of the 2-handles B2 ×B2 to the 4-thickening
of the initial boundary-decorated shadowed polyhedron P . Let pj ∈ Rj be the point in the 2-handle
that corresponds to the center of the capped disk. The preimage of the centers of these disks under the
map h corresponds to cores of tori. From Proposition 2.18, these preimages run parallel to the z-axis
to form an unknotted link {pj}×S1 embedded in S3\Nbd(L) with framing ∞ and with core L0. This
is illustrated in the third diagram of Figure 5.
• We now remove the 2-handles which contain the framed link leaving additional boundary tori. The
resultant manifold is S3\Nbd(L unionsq L0) with boundary-decorated shadowed polyhedron P ′′ where P ′′
has S(P ) as the simple polyhedron and with boundary components colored as external.
• As stated in Section 2.2, P ′′ is a boundary-decorated shadowed polyhedron for the complement of a
fundamental shadow link, therefore L unionsq L0 ⊂ S3 is the realization of the fundamental shadow link
in S3. This is the link shown on the rightmost diagram of Figure 5. Since the complements of the
fundamental shadow links of complexity k satisfy Conjecture 1.1, the complement of LunionsqL0 in S3 also
satisfies the conjecture and has volume 2kv8 by Proposition 2.11.
12
1Figure 7: The Borromean rings and the Borromean twisted sisters.
Remark 3.3. Notice by performing a Dehn filling of slope ∞ on certain components of the links Jk and
Kk, we can reduce our link from a fundamental shadow link of complexity k to one of complexity k − 1.
3.1 Links up to 11-crossings
We will now categorize from LinkInfo which octahedral links of volume 2v8 up to 11-crossings are com-
plexity one fundamental shadow links. Figure 6 has the six fundamental shadow links with homeomorphic
complements to the links. As mentioned in the introduction, the only link SnapPy determined was not
homeomorphic to a fundamental shadow link was L10n59. This could be due to a numerical error and is not
rigorous, and the link may still be a fundamental shadow link of complexity one.
Fundamental Shadow Link LinkInfo Name
FSL 1 L10n32
FSL 2 L10n36
FSL 3 L6a4, L9n25, L11n287, L11n378
FSL 4 L10n84, L10n87
FSL 5 L8n5, L9n26, L10n70, L11n376, L11n385
FSL 6 L8n7, L10n97, L10n105, L10n108
Table 1: Links with homeomorphic complements.
Theorem 3.4. The links given in Table 1 satisfy Conjecture 1.1 and have volume 2v8.
Proof. We will prove Theorem 3.4 by using the following steps:
• Since the links are complexity one fundamental shadow links, then the volume of the links are 2v8 ≈
7.3277. Using LinkInfo, we can find all links up to 11-crossings whose volume are approximately 2v8.
• This gives us the list of links: L6a4, L8n5, L8n7, L9n25, LL9n26, L10n32, L10n36, L10n59, L10n70, L10n84,
L10n87, L10n97, L10n105, L10n108, L11n287, L11n376, L11n378, and L11n385 where the first number indicates
the number of crossings, the letter indicates whether it is alternating or non-alternating, and the second
number indicates it is the nth link with the same first two parameters.
• The fundamental shadow links obtained from replacing edges by 3-braids of single vertex planar 4-
valent graphs are homeomorphic if they induce the same permutation on the 3-strands, therefore,
there are only finitely many fundamental shadow links with volume 2v8.
• As in Section 2.2, we can realize the complement of these fundamental shadow links as the complement
of a link in S3 where we perform a 0-framing Dehn surgery on a particular number of its components.
As stated earlier, the fundamental shadow links with complements homeomorphic to complements of
links up to 11-crossings are shown in Figure 6. We can define each of these manifolds in SnapPy, as
well as the complements of the possible octahedral links from LinkInfo.
13
1 i n
b b
Braid axis
1
Figure 8: On the left, we have the generator σi for the braid group Bn where i ∈ {1, . . . , n − 1}. On the
far-right for a given element b ∈ Bn, we have the braided link b which is the braid closure with its braid axis.
• Finally, we can use SnapPy to test the finitely many cases to determine which of these manifolds are
homeomorphic.
Now by using Theorem 3.1 for k = 1 and Theorem 3.4, we can give an alternative proof to Conjecture
1.1 with the Borromean rings in addition to the Borromean twisted sisters in Figure 7. In this sense, the
link families of Theorem 3.1 are a generalization of the three links.
Corollary 3.5. The Borromean rings and the Borromean twisted sisters shown in Figure 7 are hyperbolic
with volume 2v8 and satisfy Conjecture 1.1.
Proof. Consider the case k = 1 for Theorem 3.1. Conjecture 1.1 is known for FSL 3, FSL 5, and FSL 6
as they correspond to the links L1, J1, and K1, respectively. From Table 1, the links L1, J1, and K1 have
complements homeomorphic to the Borromean rings and the Borromean twisted sisters shown in Figure 7,
respectively.
Remark 3.6. All of the links in LinkInfo have volume strictly less than 6v8, therefore up to 11-crossings,
there are only link complements homeomorphic to complements of fundamental shadow links of complexity
at most two. As discussed in Theorem 3.4, we found possible links of complexity one; however, we could also
check possible links of complexity two in LinkInfo. The candidates of these links are the links L11n387 and
L11n388; however, it is not determined if either of these have complements homeomorphic to the complement
of a complexity two fundamental shadow link.
3.2 Fibering over S1
All the examples of fundamental shadow links so far have been constructed using planar graphs as in the
left of Figure 4; however, we could have also used other graphs such as in the right of Figure 4 to construct
examples of links. Using this particular planar graph, we can construct a family of links in S3 that fiber
over S1 with fiber disks with punctures and with explicit monodromies.
As recalled in the introduction, let Bn be the braid group of n-strands with standard generators σi for
i ∈ {1, . . . , n− 1} where σi is illustrated as in the left diagram of Figure 8. We have the following definition.
Definition 3.7. For a given braid b ∈ Bn, a braided link, denoted by b, is the closure of b in S3 with an
additional unknotted component known as the braid axis shown on the far-right diagram of Figure 8.
We will see that for a given b, our link in S3 fibers over S1 with surface the braid axis bounds being the
fibered surface.
Recall that the mapping class group of an orientable surface MCG(Σ) is the group of isotopy classes
of orientation preserving self-homeomorphisms of Σ where the group operation is composition of self-
homeomorphisms. Now there exists a surjective homomorphism from the braid group of n-strands to the
mapping class group of the n-punctured disk MCG(Dn)
Γ : Bn →MCG(Dn)
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Figure 9: Links in S3 for complexity k fundamental shadow links arising from replacing the edges of the
rightmost planar graph of Figure 4 with identity 3-braids. On the left for when k is even, there are (k + 4)
components and on the right when k is odd, there are (k + 3) components. The braid axis component is
labeled as B, and the component that bounds a (k + 1)-punctured disk is labeled L′.
which sends the generator σi ∈ Bn, for i ∈ {1, . . . , n − 1}, to an element of the mapping class group. This
element is represented by a positive half-twist on an arc between the i-th puncture to the (i+1)-th puncture.
The kernel for such a map is generated by the element (σ1σ2 . . . σn−1)n which corresponds to a full-twist
along the boundary. More details on mapping class groups can be found in [15] by Farb and Margalit.
For a given Γ(b) ∈ MCG(Dn), we can construct the mapping tori M(Γ(b)) = Dn × [0, 1]/(x, 0) ∼
(Γ(b)(x), 1) with monodromy Γ(b). The mapping tori have homeomorphic complements with the braided
link b.
Now we consider the family of braids {bk} defined in the introduction. We reiterate in the following:
• For k = 1, define bk := σ−21 σ
2
2 ∈ B3.
• For k = 2m, define bk ∈ Bk+3 by
bk :=
m∏
i=1
(σ2i+1σ2i · · ·σ3σ2σ21σ−12 σ3 · · ·σ2iσ2i+1)(σ2i+2σ2i+1 · · ·σ3σ22σ3 · · ·σ2i+1σ2i+2).
• For k = 2m− 1, define bk ∈ Bk+3 by
bk := b
m∏
i=2
(σ2iσ2i−1 · · ·σ3σ22σ3 · · ·σ2i−1σ2i)(σ2i+1σ2i · · ·σ3σ2σ21σ−12 σ3 · · ·σ2iσ2i+1),
where b = (σ1)(σ3σ2σ
2
1σ
−1
2 σ3).
From the relation between the mapping tori of MCG(Dn) and the braided link, we can construct links
in S3 that fiber over S1 with the explicit monodromies Γ(bk). In particular, the complements of the braided
links bk have the properties stated in the following.
Theorem 3.8. For k ≥ 1, let Mk := S3 \ bk denote the complement of the braided link bk. Then
1. Mk fibers over S
1 with fibered surface a disk with punctures,
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Figure 10: On the leftmost diagram, we have a planar 4-valent graph with complexity 2. From the graph,
we obtain a boundary-decorated shadowed polyhedron where the internal colored boundaries are blue, the
external black, and the singular set dashed. As in Theorem 3.1, we cap the blue curves with disks and
drill out tori to recover the link in the third diagram where the middle blue curve corresponds to the link
component B. Through an isotopy, we obtain the link in the fourth diagram.
2. Mk is hyperbolic with volume 2kv8, and
3. Mk satisfies Conjecture 1.1.
Proof. Consider the case for k ≥ 2 for the the fundamental shadow link of the planar graph on the right of
Figure 4. As before, we replace each vertex with six strands as described in Section 2.2, and we choose to
replace the edges with the identity 3-braids to obtain a shadow P . Here we color the outermost boundary
as external, the boundary components with crossing information external, and the remaining boundaries as
internal. From the same construction as in Theorem 3.1, we will obtain either the left link for k even or
the right link for k odd in Figure 9. We will illustrate an example for k = 2 in Figure 10. Because the
vertices of the planar graph are arranged cyclically, there exists an inner region of the modified shadow P ′
where the corresponding link component bounds a 3-punctured disk of the fundamental shadow link in S3.
This is the component we label as B in Figure 9, and it will eventually be the braid axis for our link. For
k odd, the sublink consisting of the components with crossings given by the vertices of the graph is a knot.
In the case when k is even, the sublink is a two component link. This is due to the sublink being realized as
the closure of a 2-braid where each crossing contributes a generator of the group. When k is even, we can
reduce the 2-braid to the identity as in Figure 10, and when k is odd, we can reduce the 2-braid to a single
generator. This accounts for the difference between the number of components between the cases odd and
even in Figure 9.
Now let L be a link of Figure 9 with link component L′ as labeled. L′ bounds a (k + 1)-punctured disk
where one of the punctures comes from the component B. Now consider the self-homeomorphism obtained
by performing a full-twist along the (k+1)-punctured disk that L′ bounds. Under this self-homeomorphism,
we obtain a new link in S3 with complement a manifold Mk where B now bounds a (k + 3)-punctured disk
Dk+3 as the braid axis. The components of our new link in S
3 can now be isotoped to the braided link bk.
Since we began with a fundamental shadow link, our manifold Mk will be hyperbolic with volume 2kv8 and
satisfy Conjecture 1.1.
If we take the surjective homomorphism Γ between Bk+3 and Mod(Dk+3), the manifold Mk fibers over
S1 as the mapping tori Mk = M(Γ(bk)) = (Dk+3 × [0, 1])/((x, 0) ∼ (Γ(bk)(x), 1)) where the monodromy is
given as the image under Γ of the following element in Bk+3:
m∏
i=1
(σ2i+1σ2i · · ·σ3σ2σ21σ−12 σ3 · · ·σ2iσ2i+1)(σ2i+2σ2i+1 · · ·σ3σ22σ3 · · ·σ2i+1σ2i+2),
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Figure 11: The case of obtaining a fibration for M2. Performing a full-twist on the 3-punctured disk shaded
blue in the leftmost diagram results in the middle diagram. Through an isotopy of the link, we obtain a
link fibering over S1 with fiber D5 and monodromy (σ3σ2σ
2
1σ
−1
2 σ3)(σ4σ3σ
2
2σ3σ4) represented by the last
diagram.
when k = 2m and
(σ1)(σ3σ2σ
2
1σ
−1
2 σ3)
m∏
i=2
(σ2iσ2i−1 · · ·σ3σ22σ3 · · ·σ2i−1σ2i)(σ2i+1σ2i · · ·σ3σ2σ21σ−12 σ3 · · ·σ2iσ2i+1),
when k = 2m − 1 and k 6= 1. Obtaining this fibration of the link in S3 with the given monodromy is
straightforward. We can isotope the braid axis B so that locally we have a copy of Dk+3× [0, 1]. Cutting the
link along the punctured disk B bounds will show that the braid element bk can be represented as above.
We show an example of this process for k = 2 in Figure 11.
Now let k = 1 and consider the rightmost Borromean twisted sister in Figure 7. As shown in Corollary
3.5, this is the complement of a fundamental shadow link of complexity one. We can see in Figure 12 there
exists an isotopy of the link such that one of the components is a braid axis that bounds D3 where cutting
along the disk results in the braid group element σ−21 σ
2
2 ∈ B3.
Therefore for any k, we can find a manifold with volume 2kv8 which satisfies the Conjecture 1.1, fibers
over S1 with surface a disk with punctures, and has explicit monodromy.
Remark 3.9. From the links in Theorem 3.8, we can construct more examples of links satisfying Conjecture
1.1 by performing full-twists along the punctured disks the link components bound. Through this process,
a new link with possibly different punctured disk as the fibered surface where the monodromy can be seen
explicitly similar to Theorem 3.8 may be obtained. We may also remove the braid axis with certain self-
homeomorphisms to create a closed braid. For example, we can obtain a link which is the braid closure of
the element
(σ4σ3σ2σ
2
1σ2σ
−1
3 σ4)(σ5σ4σ
2
3σ4σ5)(σ1σ2σ3σ4σ
2
5σ4σ3σ2σ1) ∈ B6.
This can be seen by performing a full-twist along the component labeled L′′ in the rightmost diagram of
Figure 11.
Besides the examples of complements of fundamental shadow links from Theorems 3.1 and 3.8, there
exists another family of links in S3 where the volume is explicit. K. H. Wong showed in [33] that certain
subfamilies of Whitehead chains satisfy Conjecture 1.1. The Whitehead chains Wa,b,c,d are a family of links
that can be constructed as the closure of the composition of a-twists, b-belts, c-clasps, and d-mirrored clasps.
In particular when b = 1, the complement is hyperbolic with V ol(Wa,1,c,d) = (c+d)v8. We letW be this set.
We will show that the families of links in Theorems 3.1 and 3.8 are not homeomorphic to these Whitehead
chains in W.
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1Figure 12: An isotopy of the Borromean twisted sister to the closure of a braid where the braid axis is
colored black. The resulting manifold has fibered surface D3 over S
1 with monodromy the image under Γ
of σ−21 σ
2
2 ∈ B3.
Proposition 3.10. For an integer k ≥ 4, no link of Theorems 3.1 and 3.8 have complements homeomorphic
to the complement of an element of W.
Proof. As stated previously, it is known through an explicit decomposition into ideal hyperbolic octahedra
that V ol(Wa,1,c,d) = (c+ d)v8. In the case when (c+ d) is even and hence the volume is an even multiple of
v8, the number of components of the Whitehead chain is (c + d + 1). This is due to each clasp and mirror
clasp adding a component with the addition of the belt. If we have a fundamental shadow link of complexity
k, then the manifold will have volume 2kv8. In the examples given in Theorems 3.1 and 3.8, the number of
components of the link will either be (k + 2), (k + 3), or (k + 4). For these particular Whitehead chains to
have the same volume, they would require (2k+ 1) components. This implies that for k ≥ 4, the Whitehead
chain complement will have more boundary components than the complements of the fundamental shadow
links; thus, they are not homeomorphic.
Now we consider a slightly reformulated version of Conjecture 1.1 for manifolds that are not necessarily
hyperbolic. The conjecture states the asymptotics of the Turaev-Viro invariant approach the Gromov norm
where the conjecture is formally stated in [13]. By using the explicit descriptions of the monodromies given
in Theorem 3.8, we can create manifolds that satisfy the conjecture in the following.
Corollary 3.11. Let Mk be a manifold from Theorem 3.8 of volume 2kv8 that is realized as the complement
of the braided link bk for bk ∈ Bn for some n. Then for any p ≥ 2, there exists a manifold M ′k obtained as
the complement of the braided link b′k for b
′
k ∈ Bn+p−1 such that
lim
r→∞
2pi
r
log |TVq(M ′k)| = v3‖M ′k‖ = 2kv8 (1)
where r is odd, q = exp
(
2pii
r
)
, ‖M ′k‖ denotes the Gromov norm of M ′, and b′k is obtained by embedding bk
into Bn+p−1.
Proof. From Corollary 8.4 in [11], gluing a boundary component of a manifold M that satisfies the first
equality sign of Equation (1) to a certain boundary component of a manifold known as the invertible cabling
space results in a new manifold which also satisfies the first equality sign of Equation (1). In particular, the
manifold Sp which is the complement of a solid torus with p ≥ 2 parallel copies of the core is an invertible
cabling space. This manifold can be viewed as complement of the braided link obtained from the identity
braid in Bp. Since Mk is the complement of a braided link, then Mk can be viewed as the complement of a
solid torus containing the braid closure of bk. By gluing the outer torus boundary of Mk to one of the inner
tori of Sp, we obtain the manifold M
′
k.
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Figure 13: We begin with the unreduced word b = σ1σ
−1
1 σ
−1
1 ∈ B2 which we embed into B3 shown in the
first two diagrams with outermost component labeled C. The projection of the second diagram onto S2 gives
the third diagram where we label the regions not touching C with Ri. Each region Ri corresponds to a link
component parallel to the z-axis given in the final diagram. The final diagram is of a link that has volume
6v8, satisfies Conjecture 1.1, and contains bˆ as a sublink.
4 All links are sublinks of fundamental shadow links
Now by generalizing the method of proof for Theorem 3.8, we will proceed to show every link in S3 is
contained in a hyperbolic link L satisfying Conjecture 1.1. We show this by representing each link as a
closed braid, and we algorithmically add components to obtain L. As mentioned in the introduction, the
proof requires each generator from the braid group to appear; however, since the algorithm works for the
unreduced word, it works for every link. Again for a braid b ∈ Bn, we denote its braid closure by bˆ, and we
define the length of b to be the number of standard generators appearing in b.
Theorem 4.1. Let b ∈ Bn be an unreduced word of length k with each generator appearing at least once.
Then bˆ is a sublink of a link L in S3 where the complement S3\L satisfies Conjecture 1.1 and has volume
2kv8.
Proof. Let b ∈ Bn be an unreduced word of length k containing each generator at least once. We can
transform the braid closure bˆ into a planar 4-valent graph G by replacing each crossing of bˆ with a vertex
where we keep track of the sign of the crossing. Note that if we do not have at least one of each generator,
then G will not be connected. Now we consider the simple polyhedron S(P ) of the fundamental shadow link
obtained from the graph G by replacing each vertex such that the signs of the crossings match bˆ, and we
replace each edge with the identity 3-braid. The boundary of S(P ) are copies of S1. Since the graph G was
obtained from a closed braid, one of the boundary components C is outermost in the sense it bounds a disk
D such that D × [−, ] contains the remaining components of ∂(S(P )) for some .
Now consider the boundary-decorated shadowed polyhedron P with simple polyhedron S(P ) such that
C is colored as external, the components with crossing information are colored external, and the remaining
components are colored as internal. Since we replaced the edges with identity 3-braids, then the collection
of internal colored boundary components are unknotted. Because ∂(P ) contains an outermost circle, we can
obtain a shadow for a link complement in S3 as in Section 2.4 by capping components. As before in the proof
of Theorem 3.1, we cap ∂int(P ) be disks and drill out their corresponding tori to obtain the fundamental
shadow link L in S3. Since G was a graph with complexity k, then the link L has volume 2kv8 and satisfies
Conjecture 1.1. Now by construction, the collection ∂ext(P )\{C} corresponds to the original braid closure
bˆ, therefore bˆ ⊂ L ⊂ S3.
In summary, we can construct the link L algorithmically from a given braid closure bˆ for b ∈ Bn where b
contains at least one of every generator. We begin by embedding b into Bn+1 which we denote by b
′ such that
each generator σi is sent to σi+1. The element b
′ can be viewed as adding a new strand in front of b which
will correspond to the component C in the closure. Now from the braid closure bˆ′, we will add components
to obtain our link L. Consider the projection pi(bˆ′) onto the surface S2 such that each crossing becomes a
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vertex. Excluding the regions touching C, each region of pi(bˆ′) will correspond to a link component of L
which is parallel to the z-axis. We will now count these regions. We can consider pi(bˆ′) as a graph in S2,
therefore the Euler characteristic χ(S2) = 2 = v − e + r where v,e, and r are vertices, edges and regions,
respectively. Since the vertices correspond to generators, then v = k, and since our graph is 4-valent with
the addition of C, then e = 2k + 1. This implies that r = k + 3. Again since we do not need to add link
components to regions touching C, our link L is obtained from adding links parallel to the z-axis in each of
the remaining (k + 1) corresponding regions of bˆ′.
A simple example of the augmentation can be seen in Figure 13 on the closure of the unreduced braid
σ1σ
−1
1 σ
−1
1 ∈ B2.
5 Applications to the AMU conjecture
We will now consider applications of the fundamental shadow links from Section 3 towards the AMU con-
jecture. Given an oriented surface Σg,n where g is the genus and n is the number of boundary components,
we consider Mod(Σg,n) to be the mapping class group of the surface which fixes the boundary components.
By the Nielsen-Thurston classification of mapping classes, every element of Mod(Σg,n) are either periodic,
reducible, or psuedo-Anosov. In particular, the type of element f ∈ Mod(Σg,n) determines the geometric
structure of the mapping torus M(f) = Σg,n × [0, 1]/(x, 0) ∼ (f(x), 1). For example, Thurston showed in
[29] that the mapping torus M(f) is hyperbolic if and only if f is pseudo-Anosov.
As stated in the introduction, Andersen, Masbaum, and Ueno conjectured the geometry of the mapping
class group is related to the quantum representation with Conjecture 1.3. We will extend the known re-
sults for Conjecture 1.3 to elements in the mapping class groups of Mod(Σg,4) for all g, Mod(Σn−1,n) and
Mod(Σn−2,n) for n ≥ 5, and for the few concrete cases of Mod(Σ1,3) and Mod(Σ3,3). We will begin by
stating the following where we again mention two elements f, g ∈ Mod(Σg,n) are independent if there is no
h ∈Mod(Σg,n) such that both f and g are not conjugate to non-trivial powers of h.
Theorem 5.1. Given g ≥ 0, there is a pseudo-Anosov element of Mod(Σg,4) that satisfies Conjecture 1.3.
Furthermore for g ≥ 3, there are infinitely many pairwise independent pseudo-Anosov elements in Mod(Σg,4)
that satisfy Conjecture 1.3.
In order to prove Theorem 5.1, we will need some preparation. We will begin by stating a necessary
result by Detcherry and Kalfagianni. In [12], they show Conjecture 1.1 implies Conjecture 1.3. In particular,
they show the following.
Theorem 5.2 ([12], Theorem 1.2). Let f ∈Mod(Σg,n) be a pseudo-Anosov mapping class, and let M(f) be
the mapping torus of f . If lTV (M(f)) > 0, then f satisfies Conjecture 1.3 where
lTV (M(f)) = lim
r→∞ inf
2pi
r
log |TVq(M)|
for r odd and q = exp
(
2pii
r
)
.
If Conjecture 1.1 is satisfied for a hyperbolic manifold M(f), then f is pseudo-Anosov and lTV (M(f)) =
V ol(M(f)) > 0 which implies Conjecture 1.3. By using this statement, we will verify the results shown
throughout the remainder of the paper.
With the techniques developed in [12] and the closed braids from Table 2, we can find infinite families
satisfying Conjecture 1.3. In particular in [12], they focus on a 2-parameter family of links which contains
the figure-eight as a sublink to create their examples. We will demonstrate similar steps using a 2-parameter
family of links which instead contain the Borromean rings as a sublink. The links in this family can be
realized as the closure of an element of a braid group such that if a standard generator of the braid group
appears in the braid, it always appears with the same sign. A link with such a property is known as a
homogeneous braid.
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2m
1
Figure 14: The link L5,m where the box indicates 2m negative crossings with the Borromean rings as a
sublink colored blue.
We will first introduce the notion of a Stallings twist. In [28], Stallings showed the closure of a homoge-
neous braid is a fibered link over S1 with fibered surface Σg,n where the surface is obtained from Seifert’s
algorithm. In particular, the closure of a homogeneous braid is the mapping torus of a surface Σg,n for some
element f ∈ Mod(Σg,n). Stalling also showed an operation which we will state as the Stallings twist that
takes a fibered link and transforms it into another fibered link with the same fibered surface. The operation
is performing a 1/m surgery on a simple closed curve of the fibered surface where the framing of the curve
is induced by the normal vector of the surface. In general, the Stallings twist may be trivial in the sense
that the link complement obtained afterwards is still homeomorphic to the complement of the original link.
In [12], they show a criterion to obtain non-trivial Stallings twists. In particular, if we consider our link
as the closure of a braid with the braid containing the element σ2i σ
−2
i+1, we can find a non-trivial Stallings
twist on our surface. Now by using the non-trivial Stallings twist, we can obtain infinitely many pairwise
independent psuedo-Anosov mapping class group elements as stated in the following.
Theorem 5.3 ([12], Theorem 5.4). Let L be a hyperbolic fibered link with fiber Σ and monodromy f . Suppose
that L contains a sublink K with lTV (S3\K) > 0. Suppose, moreover, that the fiber Σ admits a non-trivial
Stallings twist along a curve c ⊂ Σ such that the interior of the twisting disc D intersects K at most once
geometrically. Let τc denote the Dehn twist of Σ along c. Then the family {f ◦ τmc }m of homeomorphisms
gives infinitely many pairwise independent pseudo-Anosov mapping classes in Mod(Σ) that satisfy Conjecture
1.3.
We will now begin constructing our 2-parameter family Ln,m for n ≥ 4 and m ≥ 1 where n is the number
of components. Let L be the Borromean rings which corresponds to the link L6a4 in Table 1 and 2. We
can see that the Borromean rings are the closure of the homogeneous braid (σ−12 σ1)
3. Define Ki to be the
component obtained as the closure of the i-th strand of the braid element such that K1 ∪K2 ∪K3 = L.
We will begin with the link L5,m which is the union of L with the additional components K4 and K5
shown in Figure 14. We can see in Figure 14 that the parameter m indicates the number of negative full-
twists. Also notice our braid contains the subword σ23σ
−2
4 . As mentioned before, this indicates we will be able
to obtain a non-trivial Stallings twist. From L5,m, we can add additional link components Ki for 6 ≤ i ≤ n
such that the union of the components is our link Ln,m. To obtain Ln+1,m from Ln,m, we add a strand
whose closure is Kn+1 such that following along Kn has 2 crossings with Kn+1, then 2 crossings with Kn−1,
and then again 2 crossings with Kn+1 where the sign of the crossing is chosen such that the link Ln+1,m is
alternating. Each time we add an additional component, we increase the number of crossings by 4.
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Now for the special case when n = 4, we replace the 2m negative crossings in L5,m with 2m− 1 negative
crossings. This results in a 4-component link L4,m.
Proposition 5.4. Suppose that either n = 4 and g ≥ 3, or g + 2 ≥ n ≥ 5, then there are infinitely many
pairwise independent pseudo-Anosov elements of Mod(Σg,n) that satisfy Conjecture 1.3.
Proof. The link Ln,m contains the Borromean rings for every n ≥ 4 and m ≥ 1 as a sublink. By Corollary
5.3 in [11], Detcherry and Kalfagianni show that drilling out tori from a 3-manifold does not decrease
the Turaev-Viro invariant of the resultant manifold. In particular, since the Turaev-Viro invariant of the
Borromean rings grows exponentially, then the Turaev-Viro invariant of the link complement of Ln,m grows
exponentially with lTV > 0. By Theorem 5.2, for large enough r, there exists a quantum representation of
the fibered link that is infinite order. Also Menasco’s criterion [21] states any prime non-split alternating
diagram of a link that is not the standard diagram of the T (2, q) torus link is a hyperbolic link. This implies
that the monodromy is pseudo-Anosov and Conjecture 1.3 is verified for Ln,m. Now we can find a simple
closed curve on our fibered surface that satisfies the conditions of Theorem 5.3, therefore we have infinitely
many pairwise independent pseudo-Anosov elements for each fibered surface obtained from Ln,m that satisfy
Conjecture 1.3.
We will now calculate the resulting fibered surfaces of the link complement of Ln,m. Every link Ln,m is
the braid closure of a homogeneous braid, therefore we can calculate the genus of the Seifert surface using
the equation
g =
2 + C − Braid Index− n
2
(2)
where C is the number of crossings.
First we consider the case when n = 4. We have that the number of crossings C = 2m+ 11 and the braid
index is 5. In this case from Equation (2), we have the genus g = m+ 2 for m ≥ 1.
Now consider the case for n ≥ 5. The braid index is equal to n and C = 2m + 4n − 8. From this, we
calculate g = m+n−3 where m ≥ 1. This results in our fibered surface Σg,n having either n = 4 and g ≥ 3,
or g + 2 ≥ n ≥ 5.
Proposition 5.4 and its proof should be compared to [12, Theorem 1.4] where the authors find infinitely
many pairwise independent pseudo-Anosov elements for n = 2 and g ≥ 3, or g ≥ n ≥ 3, using monodromies
of fibered links containing the figure-eight knot as a sublink. Although the case using the Borromean rings
has many overlapping fibered surfaces with using the figure-eight knot, we gain additional infinite families of
pairwise independent pseudo-Anosov elements for Mod(Σg,n) for certain g and n not previously discussed. In
particular, their examples have genus larger than or equal to the number of boundary components; however
with the Borromean rings, we obtain infinitely many examples where the genus is strictly less than the
number of boundary components.
LinkInfo Name Braid Index Braid Element Fibered Surface
L6a4 3 (σ1σ
−1
2 )
3 Σ1,3
L6a4 3 (σ
−1
1 σ2)
3 Σ1,3
L8n7 4 σ1σ
−2
2 σ1σ
−1
3 σ
−2
2 σ
−1
3 Σ1,4
L10n87 3 σ
3
1σ
2
2σ
2
1σ
2
2σ1 Σ3,3
L10n97 4 σ
−3
1 σ
−2
2 σ
−1
1 σ
−1
3 σ
−2
2 σ
−1
3 Σ2,4
L10n108 4 (σ
−1
1 σ
−1
2 )
3σ3σ
−2
2 σ3 Σ2,4
L11n385 4 (σ
−1
1 σ
−1
2 )
3σ3σ
−2
2 σ3σ
−1
2 Σ3,3
Table 2: Fibered surfaces of links
Corollary 5.5. The monodromy of the closed braids in Table 2 obtained from Stalling’s fibration is psuedo-
Anosov and satisfies Conjecture 1.3.
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Proof. From Theorem 3.4, the closed braids in Table 2 have homeomorphic complements to the fundamental
shadow links, therefore they are hyperbolic and satisfy Conjecture 1.1. Since they are hyperbolic, the
monodromy of their fibering as mapping tori will be pseudo-Anosov. From Theorem 5.2, since they satisfy
Conjecture 1.1, then their monodromies also satisfy Conjecture 1.3. Because the fibered surface is obtained
from Seifert’s algorithm, the genus g can be computed by Equation (2) in Proposition 5.4 where the number
of boundary components n of the surface is the number of components of the closed braid.
Remark 5.6. Since we used Menasco’s criterion, we chose to use the Borromean rings example from Table 2.
This is because the family Ln,m will be alternating and be guaranteed to be hyperbolic with pseudo-Anosov
monodromy. We could have done the previous calculation with any other homogeneous braid from Table 2;
however, the resulting manifold may not be hyperbolic. We know the Turaev-Viro invariant of these links
grows exponentially and is bounded above by the Gromov norm, therefore the associated monodromy is
either pseudo-Anosov or reducible with pseudo-Anosov pieces. In this setting, additional infinite families
can be constructed from the remaining links in Table 2 that satisfy Conjecture 1.3; however, they may only
contain pseudo-Anosov pieces.
Now we have all the necessary components in order to prove Theorem 5.1.
Proof of Theorem 5.1. The combination of Proposition 5.4 and Corollary 5.5 provide a psuedo-Anosov ele-
ment of Mod(Σg,4) for every g ≥ 1. In particular, we see from Proposition 5.4 for g ≥ 3 there are infinitely
many pairwise independent pseudo-Anosov elements satisfying Conjecture 1.3. For the remaining case, An-
dersen, Masbaum, and Ueno in [2] verified the conjecture for every pseudo-Anosov element in Mod(Σ0,4) as
noted in the introduction.
5.1 Surfaces of genus 0
In addition to Proposition 5.4, we can find examples in genus 0 surfaces with at least 4 boundary components
that satisfy Conjecture 1.3 as stated in the following.
Corollary 5.7. For n ≥ 4, there exists an element of Mod(Σ0,n) that satisfies Conjecture 1.3. Additionally
if n is even, then there exists a pseudo-Anosov element satisfying Conjecture 1.3.
As mentioned previously, Egsgaard and Jorgensen, and separately Santharoubane, verified the existence
of elements of Mod(Σ0,n) satisfying Conjecture 1.3 in [14, 26] for when n is even. By using Theorem 3.8, the
examples provided in this paper can be viewed as explicit elements coming from the mapping class group.
In order to prove Corollary 5.7, we will need to use the topological quantum field theory for colored links
in a cobordism where the details can be found in [6]. We denote the Reshetikhin-Turaev invariant for closed
manifolds with an embedded colored link (L, c) by RTr(M, (L, c)) where c is an assignment of components
of L with elements of Ur = {0, 2, . . . , r− 3}. The following relates the traces of the quantum representations
to the invariants of the colored link in a closed manifold.
Theorem 5.8 ([6]). For r ≥ 3 and odd, let Σg,n be a compact oriented surface with a coloring of the
boundary from elements of Ur. Define Σg,n to be the surface obtained from Σg,n by capping the components
of ∂Σg,n by disks. For f ∈ Mod(Σg,n), let f ∈ Mod(Σg,n) be the mapping class of the extension of f from
capping the disks by the identity. Now let L ⊂ M(f) whose components consists of the cores of the tori in
M(f) arising from the capping disks in the mapping tori, then
Tr(ρr,c(f)) = RTr(M(f), (L, c)).
From the Theorem 5.8, Detcherry and Kalfagianni relate the Turaev-Viro invariant to the traces of the
quantum representations. This result can be found in the proof of Theorem 1.2 in [12].
Proposition 5.9 ([12], Theorem 1.2). Let f ∈Mod(Σg,n) and M(f) the mapping torus of f , then
TVq(M(f)) =
∑
c
|Tr(ρr,c(f)|2.
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Now by explicitly using the relationship between Conjecture 1.1 and Conjecture 1.3 shown in [12], we
will proceed with the proof for Corollary 5.7.
Proof of Corollary 5.7. First we will begin with showing the case for our genus 0 surface of even boundary
components. We note that for every m ≥ 3 and odd, there exists a manifold fibering over S1 that has fibered
surface Dm whose complement satisfies Conjecture 1.1. The examples of such manifolds can be obtained
from the manifolds Mk in Theorem 3.8. M1 is the complement of a link in S
3 with fibered surface D3, and
Mk is the complement of a link in S
3 with fibered surface Dk+3 for k even.
Fix Mk to be one of these manifolds, and let Γ(bk) be its corresponding monodromy. Under the cor-
respondence of MCG(Dm) with the braid group Bm, Γ(bk) represents an element of the pure braid group
where the pure braid group are elements of Bm such that the beginning and ending of each strand of the
braid element are in the same position. Now if we consider the boundary of Dm to be an additional puncture,
then Γ(bk) as an element of the pure braid group fixes all the (m+ 1)-punctures of Dm. In particular, Γ(bk)
can be identified with an element b′k ∈ Mod(Σ0,m+1) which fixes the (m + 1)-boundary components of the
surface such that the mapping torus M(b′k) is homeomorphic to Mk.
Since the complement of our manifold Mk satisfies Conjecture 1.1 and is homeomorphic to M(b
′
k), in
particular we have V ol(Mk) > 0 and TVq(M(b
′
k)) = TVq(Mk). Now by Proposition 5.9, we have the following
equalities.
lim
r→∞
2pi
r
log |
∑
c
|Tr(ρr,c(b′k))|2| = lim
r→∞
2pi
r
log |TVq(M(b′k))| = lim
r→∞
2pi
r
log |TVq(Mk)|
= V ol(Mk) > 0.
This implies that the traces of the quantum representations must grow exponentially as r → ∞. Now
in [6], it is shown that the dimensions of the vector spaces of the quantum representations only grows
polynomially with r, therefore there exists a large enough r such that |Tr(ρr,c(b′k))| exceeds the dimension.
This means for some color c, there is a representation ρr,c(b
′
k) such that at least one eigenvalue has modulus
larger than 1. Therefore ρr,c(b
′
k) is infinite order.
Since Mk is a fundamental shadow link, then M(b
′
k) is hyperbolic and b
′
k ∈ Mod(Σ0,m+1) is pseudo-
Anosov with m ≥ 3 and odd. By the previous argument, we can find a quantum representation of b′k that
has infinite order for large enough r. This shows for any n ≥ 4 and even, we can find a pseudo-Anosov
element b′k ∈Mod(Σ0,n) that satisfies Conjecture 1.1.
Now in a similar way, we can consider the case for surfaces of genus 0 and with an odd number of
boundary components. By Corollary 3.11, we can find explicit elements in the mapping class group of Dm
where m ≥ 4 and even such that their asymptotics grow exponentially. The monodromies of these manifolds
are the same as above, except we consider them the elements of a mapping class group with more boundary
components. In terms of braid groups, this is equivalent to adding additional strands. As before, this
implies that for a large enough r, there exists a quantum representation that has infinite order. In these
cases, the monodromies will not be pseudo-Anosov; however, they will contain pseudo-Anosov pieces and
satisfy Conjecture 1.3.
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